I consider a bivariate stationary fractional cointegration system and I propose a quasi-maximum likelihood estimator based on the Whittle analysis of the joint spectral density of the regressor and errors to estimate jointly all parameters of interest of the model: the long run coefficient and the long memory parameters of the regressor and errors. I lead a Monte Carlo experiment which reveals the good finite sample properties of this estimator, even when the parameter space is extended to the non-stationary regions. An application to the stock market synchronization is proposed to illustrate the empirical relevance of this estimator.
Introduction
Consider the following triangular bivariate fractional cointegration representation
(1 − L) δ x t = ε 2t , t = 1, 2, ..., n,
where δ ∈ [0, 1/2), γ ∈ (−1/2, 1/2) and (1 − L) α is the fractional filter, further denoted ∆ α and defined by its binomial expansion
with L the lag operator. Following the general and seminal definition of the cointegration offered by Granger (1986) , in equation (1), y t is said cointegrated if the error term, ν t = y t − βx t , satisfies ν t ∼ I(γ) with γ < δ and x t ∼ I(δ). The estimation of equation (1) usually operates in two steps. The first step is to estimate the long run coefficient, β, whereas the second step is to estimate the order of integration of the residuals, γ. Many studies restrict their analysis to integer integration orders. In most cases, x t is assumed to possess a unit root (i.e. δ = 1) and the traditional cointegration also imposes γ = 0. More recently, has emerged the idea that cointegration relationship can exist between stationary variables (that is δ < 1/2). Some studies have suggested adapted estimators for β. For instance, Robinson (1994) develops a consistent semiparametric Narrow-Band Least Squares estimator (NBLS) of β that essentially performs the time domain Least Square Estimator (LSE) on a degenerating band of frequencies around the origin.
Then, Christensen and Nielsen (2006) demonstrate the asymptotic normality of the NBLS when δ + γ < 1/2 and Nielsen and Frederiksen (2011) extend it to the weak fractional cointegration 2 (that is δ−γ < 1/2). In most studies, these estimators are combined with semi-parametric estimators of long memory (see for instance Marinucci and Robinson (2001) , Christensen and Nielsen (2006) and Nielsen and Frederiksen (2011) ). We can cite among other the well-known logperiodogram regression (LPE) of Geweke and Porter-Hudak (1983) but also, Künsch (1987) , Robinson (1995) and Andrews and Guggenberger (2003) . Velasco (2003) suggests to estimate simultaneously δ and γ but requires a consistent estimator of β. This innovative approach of estimating jointly several parameters is extended to β, δ and γ by Nielsen (2007) . This consists in a local Whittle analysis of the joint spectral density of x t and ν t . This methodology has the advantage of being invariant to the miss-specification of short-term dynamics but is only √ mconsistent where m depends on the bandwidth selection. For practical purpose, the bandwidth selection is important because of the variance of the estimator that can increase. For instance, a too high bandwidth can deteriorate the variance if the process possess a short run dynamics because of the confusion in the frequency domain between the low and high frequencies.
Simultaneously, Hualde and Robinson (2007) have developed a √ n-consistent parametric estimator of weak fractional cointegration following the suggestion of Robinson and Hualde (2003) and
exploiting an error correction form of (1). This estimator has the advantage of covering a wide range of integration orders, however, it requires a more complex optimization procedure than Nielsen (2007) .
In this paper, I propose a one step estimator of fractional cointegration. It is a parametric approach that is sensible to miss-specification but that simulations suggest to be √ n-consistent whereas than the one of Nielsen (2007) is only √ m-consistent. It also contrasts with those of Hualde and Robinson (2007) and Nielsen (2007) because according to the Monte Carlo simulation, it can be applied to strong, weak and stationary cointegration cases. It is based on a frequency domain Whittle approximation of the likelihood further termed Whittle Quasi-Maximum Likelihood Estimator (Whittle QMLE). The remainder of the paper is laid out as follows. In the section 2 some generalities on the long memory are exposed and the Whittle QMLE is developed. In the section 3 the Monte Carlo simulation is described and performed.
In the section 4, an application on the stock market synchronization is proposed to illustrate the empirical relevance of the Whittle QMLE. The section 5 concludes.
2. The stationary fractional cointegration model
The multivariate Whittle estimator of fractional cointegration
In this section, the model is developed with respect to the stationary regions of long memory parameters (that is δ and γ are less than 1/2). In a more general form than the equation (2), the Gaussian process x t (equivalently ν t , also assumed to be Gaussian) can be restated as follows
for κ(.; δ) ∈ R. In order to state the spectral density of x t , let g(λ; δ) = ∞ j=0 κ( j; δ)e i jλ be the transfer function. Then, the spectral density of x t is defined by,
where |g(.)| is the complex modulus of g(.). This results in that the well-known Whittle estimator of δ is defined asδ n = arg min δ∈D Q n (δ) with D a compact subset of R 3 and
where π −π log f x (λ j ; δ) dλ < ∞ is assumed, implying that x t is non-deterministic. In equation (6), I xx (λ j ) denotes the periodogram of x t defined as
with w x (λ j ) the Fourier transform of x t and λ j = (2π j/n) the angular frequency. In the following, it will be preferred the discrete version of (6) that is
Notice that in Q n (δ) the zero frequency is left out of the summation, implying this estimator is invariant to the presence of nonzero mean. One can attempt to estimate step by step the equation
(1) using a consistent estimator of β. However, it is more efficient to estimate jointly β, δ and γ. That is the reason why I consider a multivariate extension of the Whittle estimator described above.
Let w t be a bivariate Gaussian sequence such as w t = (ν t , x t ) then let define θ = (θ 1 , θ 2 ) , θ 1 = (γ, δ) and θ 2 = (β). Rewriting equation (4) in a multivariate framework, we obtain
where elements of K are all real, t ∈ Z and Σ is a nonsingular 2 × 2 matrix. It follows the transfer matrix G(λ; θ 1 ) = ∞ j=0 K( j; θ 1 )e i jλ and the joint spectral density function
where the superscript asterisk denotes the conjugate transpose. Similarly to the univariate case, the multivariate Whittle estimator of θ is defined asθ = arg min θ∈D Q n (θ) with D a compact subset of R 2 and
With respect to the periodogram in the multivariate case, we have
It follows that
with I ab (λ j ) the cross-periodogram of a t and b t defined by
2.2. The fractionally integrated VAR(p) model of cointegration
Now, I develop the model when (ν t , x t ) follows a vector autoregressive fractionally integrated (VARFI) process. In this case, let the system of equations in (1) be
with ϕ i j (L) the lag polynomial of order p, where ϕ i j (L) = p k=1 1 − φ i j (k)L k and has all its eigenvalues less than 1 in modulus. Let G(λ; θ 1 , φ) be the transfer function of (15) and defined as
where φ = φ i j (k) for {i, j} = {1, 2} and k = {1, ..., p}. Thus, the autocorrelated model has a spectral density expressed by
Finite sample investigation
In this section, I propose a Monte Carlo simulation in order to investigate the finite sample performance of the multivariate Whittle estimator of fractional cointegration. The study of asymptotic properties will be the subject of a forthcoming paper. For now, the consistency of the multivariate Whittle estimator of long-range dependent process is provided by Hosoya (1997) in the stationary case. However, this experiment is not confined to the stationary regions of δ and γ because I anticipate that the multivariate Whittle estimator is still consistent when δ ∈ [0, 1/2) (1/2, 1] and γ ∈ (−1/2, 1/2) (1/2, 1]. A similar conjecture is done by Shao (2010) in the univariate case. It is interesting to investigate the finite sample properties of this estimator in these cases because some empirical stylized fact imply the stationary, the weak or the strong (that is δ − γ > 1/2) fractional cointegration cases. For instance, volatility data are often found to be stationarity while macroeconomics data often possess unit root. The simulations are conducted in the following model considering some regular restrictions:
where φ i j (k), k = 1 is denoted φ i j . According to equation (17), Λ(e i jλ ) is simply
and φ i j enters the transfer matrix through
From the system of equations in (19) I set up two models. For each model, I generate 1000
artificial series for sample size n = {256; 512}. I also constrain φ 12 = φ 21 = φ 22 = 0 to preserve the weak exogeneity of x t . i) Model A:
y t is generated from (1) As regards the stationary fractional cointegration, the bias and the RMSE of β are very low for all sample size. Results of δ and γ are particularly subject to higher bias and variances when γ is close to 1/2. Overall, the bias and the variance decrease when the sample size increases.
Compared with the results of Nielsen (2007) and Hualde and Robinson (2007) , these results are slightly more biased but display lower variance. When δ is greater than 1/2, the assumption δ ∈ [0, 1/2) is violated. However, results are suggesting that the Whittle QMLE of fractional cointegration is still consistent for some non-stationary regions of δ and γ including the unit root case. When δ = {0.6, 0.8} the bias is still very low but the RMSE increases when δ = γ. No significant differences appear between the cases of strong (δ − γ > 1/2) and weak (δ − γ ≤ 1/2) fractional cointegration. Concerning the long memory parameters, results are similar to the stationary case. Since Hualde and Robinson (2007) essentially investigate the finite sample properties of their estimator on β, results cannot be compared. Nielsen (2007) does not explore the non-stationary cases and similarly, results cannot be confronted in this case. I give a special attention to the results when δ = 1 because this case is the most investigated in the literature. 8
Note that in this case, the results are not significantly different. Moreover, in the case of the spurious regression, the Whittle QMLE does not seem to have an additional bias. This seems to confirm the conjecture that the estimator is still consistent when δ = 1. The Model B is increasing in complexity. Again, it is difficult to compare the results with the literature but clearly the short-run dynamics negatively impact the bias and the variance.
Observe that the bias in the estimate of γ is less pronounced in the case of stationary fractional cointegration, that is δ = 0.4 and γ ≤ 0.4 in this simulation. While the Whittle QMLE poorly estimates the model B when the sample size is n = 256, the bias considerably decreases when the sample size increase. Notice that the Whittle QMLE seems inconsistent in the classical spurious regression case, that is δ = 1.0 and γ = 1.0. Globally, the bias concerningγ increases when δ = 1.0. Unreported experiment investigates the case of a non-null correlation between ε 1t and ε 2t , termed ρ. In this case, Σ is no-longer block-diagonal and one can anticipate some complication in this case. Regarding to this specification, the estimates of the integration orders are moderately impacted but the model cannot identify separately ρ and β and estimate β + ρ. (2004) and Gilmore and McManus (2003) ) and has many implications in terms of portfolio diversification. Indeed, the stock market synchronization is closely related to monetary integration because of the reduction in the exchange rate volatility that promotes economic trade and financial integration. Consequently, it can be expected that the creation of the EMU has increased the stock market synchronization of the member countries. The question can be asked concerning the non-member European countries but also for some non-European countries because of the raise in trade intensity, international shocks and portfolios diversification. A convenient way to test for stock market synchronization is to explore the presence of comovement (Wälti (2011)) or long run correlation between stock market returns or volatility. Gilmore and McManus (2002) , Gilmore and McManus (2003) and has notably been impacted by the creation of the euro. Thus we also consider sub-periods, before and after the creation of the euro. The first sub-sample covers the period before the creation of the euro (table 6) . During this period, the monetary integration was insured by a basket of the currencies of the European In order to appreciate the impact of the creation of the euro, I consider now the second sub-sample that covers the period 1999-2011 (table 7) . Clearly there is more cointegration relationships in comparison with the first sub-period but the impact is moderated. As in previous estimates, the IBEX 35 and the CAC 40 are correlated in the long run. The IBEX index is also cointegrated with the FTSE 100 and the S&P 500. A similar cointegration relationship can be observed between the SMI 20 and the CAC40, the FTSE and the S&P 500. In comparison with the ECU system, there is less benefit for US investors to invest in these stock index, in terms of portfolio diversification, since the creation of the euro. Indeed, the S&P 500 is cointegrated with To summarize, the creation of the euro has seemingly increased the stock markets synchronization of the countries considered but moderatly. This has led to a greater monetary integration than the ECU system. This implies an impact in terms of portfolios diversification and results can help to clarify the investors horizons.
Final comments
I considered a parametric Whittle multivariate approach of a bivariate system of fractional cointegration. I suggested to jointly estimate all parameters of interest of the model and possibly others nuisance parameters. A Monte Carlo experiment is proposed and confirms the good finite sample properties of this estimator in the stationary regions of the residuals and the regressor (that is δ and γ are less than 1/2). This also reveals that the Whittle QMLE can be extended to the 13 
